Criteria for the L^-dissipativity of systems of 
second order differential equations 

A. Cialdea * V. Maz'ya ^ 



Abstract. We give complete algebraic characterizations of the L^'-dissipativity 
of the Dirichlet problem for some systems of partial differential operators of the 
form dh{£^^^{x)dk), were £/^^{x) are m x m matrices. First, we determine the 
sharp angle of dissipativity for a general scalar operator with complex coefficients. 
Next we prove that the two-dimensional elasticity operator is L^-dissipative if and 
only if 

\2 pj ^ (3-4z.)2 ' 

ly being the Poisson ratio. Finally we find a necessary and sufficient algebraic 
condition for the L^-dissipativity of the operator dh{£/^{x)dh), where £/^{x) are 
mx m matrices with complex L^^^ entries, and we describe the maximum angle of 
L^-dissipativity for this operator. 



1 Introduction 

Let Q he a domain of and let A be the operator 

A = dhW\x)dk) (1.1) 

where dk = d/dxk and £/^^{x) = {a^j^lx)} are m x m matrices whose el- 
ements are complex locally integrable functions defined in Q (1 ^ i,j ^ 
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m, 1 ^ h, k ^ 2). Here and in the sequel we adopt the summation conven- 
tion and we put p G (1, oo), p' = p/{p — 1). By Co(f^) we denote the space 
of all the functions having compact support in Q. 

Let ^ be the sesquilinear form related to the operator A 

^{u,v)= [ W\x)dkU,dhv)dx. 
Jn 

((-,■) denotes the scalar product in C") defined in (Coi^))'^ x {Coi^))"^- 
We consider A as an operator acting from (C*o(fi))™ to (((^q through 
the relation 

^{u,v) = — {Au,v)dx 
Jn 

for any u, f G {Cq{^))^- Here the integration is understood in the sense of 
distributions. 

Following 4J, we say that the form is L^-dissipative if 

Me^{u,\u\P~\) ^0 ifp^2, (1.2) 
^e^{\u\'P'-\,u);^0 ifl<j9<2 (1.3) 

for all u G (Co(^^))™'. Unless otherwise stated we assume that the functions 
are complex vector valued. 

Saying the L^-dissipativity of the operator A, we mean the L^-dissipa- 
tivity of the corresponding form just to simplify the terminology. 

The problem of the dissipativity of linear differential operators and the 
problem of the contractivity of semigroups generated by them attracted much 
attention (see, e.g., [nil3ini[Ill2Hl[ZllIlll2niElini[IHl[IilIIlliai3II3l2Zl 
I2ni 1211 122] ) ■ A detailed account of the subject can be found in the book |23], 
which contains also an extensive bibliography. 

The present paper is devoted to the L^-dissipativity {1 < p < oo) for 
partial differential operators. It is well known that scalar second order ellip- 
tic operators with real coefficients may generate contractive semigroups in 

(see [21j). The case p = oo was considered in where necessary and 
sufficient conditions for the L°°-contractivity for scalar second order strongly 
elliptic systems with smooth coefficients were given. Necessary and suffi- 
cient conditions for the L°°-contractivity were later given in [2] under the 
assumption that the coefficients are measurable and bounded. 

The Dirichlet problem for the scalar operator ()1.1|) (m = 1) is considered 
in jl] under the assumption that the entries of ^ are complex measures and 
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J'm is symmetric. It is proved that the condition 



b-2| K^m^e, 01 ^ 2v/^^(^e^e,0 V ^ G (1-4) 



is necessary and sufficient for the L^-dissipativity. 

The main results of the present work follows. In Section 121 we use 

()1.4|) to obtain the sharp angle of dissipativity of a scalar complex differential 
operator A. To be more precise, we prove in Theorem^ that zA {z G C) is 
L'^-dissipative if and only if ■(?_ ^ argz ^ i}^, where t?. and "(9+ are explicitly 
given (see ()2.8|l ). Previously this result was known for operators with real 
coefficients (see p2| and Remark ^ below). It is worthwhile to remark that 
we never require ellipticity and we may deal with degenerate matrices. 

In Sectional the two-dimensional elasticity system is considered: 



After proving a lemma concerning the L^-dissipativity for general sys- 
tems, it is shown that E is L^-dissipative if and only if 



In Section^ we deal with the class of systems of partial differential equa- 
tions of the form 



where ^ are mxm matrices whose elements are Lj^^, functions. We remark 
that the elasticity system is not of this form. 

We find that the operator A is L^-dissipative if and only if 



for almost every x G f2 and for any A,ci; G C"^, \uj\ = 1, h = 1, . . . ,n. We 
determine also the angle of dissipativity for such operators. 

In the particular case of positive real symmetric matrices s^'^, we prove 
that A is L^-dissipative if and only if 



almost everywhere, h = l,...,n, where /ii(x) and /i^(^) are the smallest 
and the largest eigenvalues of the matrix s^^{x) respectively. 

The results obtained in Section E] are new even for systems of ordinary 
differential equations. 



Eu = Au + {1- 2z/)~ V div u. 
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Au = dhU''{x)dhu) 



Me{£^^{x)\ A) - (1 - 2/pf ^e{s^^{x)uj, tu) {Me{X, uj)f 
-(1 - 2/p) ^e((i^^(x)cj. A) - {£^^{x)X, uj)) ^e(A, cu) ^ 
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2 The angle of dissipativity of Second Order 
Scalar Complex Differential Operators 

In this section we consider the operator 

A = V\s^{x)V) (2.1) 

where ^ = {ajj(x)} (z, j = 1, . . . ,n) is a matrix with complex locally inte- 
grable entries defined in a domain f2 C M". In jl] it is proved that, if ^ms^ 
is symmetric, there is the L^-dissipativity of the Dirichlet problem for the 
differential operator A if and only if 



b - 2| I (^m ^(x)e, 1 ^ 2 - 1 (i^e ^(x)^, i) (2.2) 

for almost every x G i7 and for any ^ G R". 

For the sake of completeness we give a proof of the following elementary 
lemma 

Lemma 1 Let P and Q two real measurable functions defined on a set Q C 
M". Let us suppose that P{x) ^ almost everywhere. The inequality 

P{x) cos^ - Q{x) sin^ ^ {^E[-n,n]) (2.3) 

holds for almost every x E Q if and only if 

arccot [essinf {Q{x)/P{x))] — n ^ {} ^ arccot [ess sup {Q{x)/P{x))] (2.4) 

where H = {x G | P^(x) + Q^{x) > 0} and we set 

nM/PM-/+°° ^fP{x) = 0,Q{x)>0 
^{X)/i-[X) <^_^ ifP{x) = 0,Q{x)<0. 

Here < arccot y < n, arccot(+oo) = 0, arccot(— oo) = vr and 

essinf {Q{x)/P{x)) = +oo, ess sup {Q{x)/P{x)) = — oo 

ifE has zero measure. 
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Proof. If H has positive measure and P{x) > 0, inequality (|2.3|) means 

cos^ - {Q{x)/P{x)) sin^9 ^ 

and this is true if and only if 

arccot {Q{x)/P{x)) -ti ^ arccot {Q{x)/P{x)). (2.5) 

If X G S and P{x) = 0, ()2.3p means 

-n ^0, if Q{x) > 0, ^ ^9 ^ vr, if Q{x) < 0. 

This shows that ()2.3|) is equivalent to ()2.5p provided that x G H. On the 
other hand, if x ^ S, P{x) = Q{x) = almost everywhere and ()2.3|) is 
always satisfied. Therefore, if S has positive measure, (j2.3|) and (|2.4j) are 
equivalent. 

If S has zero measure, the result is trivial. □ 

The next Theorem provides a necessary and sufficient condition for the 
L^-dissipativity of the Dirichlet problem for the differential operator zA, 
where z G C. 

Theorem 1 Let the matrix he symmetric. Let us suppose that the oper- 
ator A is L^-dissipative. Set 

. . , {J^ms^{x)^,0 (^m^(x)e,0 
Ai = ess mi — — , , ^ ^, , A2 = ess sup -r— ; , ,^ ^, 

{x,OeH {^es/{x)^,0 (x,0e2 {^e^{x)^,0 

where 

S = {(x, e X I (^e ^(x)e, > 0}. (2.6) 
The operator zA is L^-dissipative if and only if 

d^^aigz^d+, (2.7) 

where 



arccot (Ai) — vr if p = 2 

= ^ arccot (-^^ + ^ 2Vp^-\p-2\m) P ^ 
arccot (A2) if p = 2. 



(2.8) 
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Proof. The matrix ^ being symmetric, J^m{e^^A) is symmetric and in 
view of (j2.2p . the operator e^^A (with {} G [— 7r,7r]) is L^-dissipative if and 
only if 

\p -2\ \{^ e^{x)C,0 sin^+ (^m^(x)e,0 cos^| ^ . . 

for almost every x & Q and for any ^ G M". Suppose p ^ 2. Setting 
a(x,0 = \p-2\ {^e.^{x)^,0, K^^O = b " 2| (^m^(x)e,0, 



the inequality in p.9|l can be written as the system 

(c(x, - 0) cos ^ - {a{x, + d{x, 0) sin ?9 ^ 0, . . 

(c(x, + b{x, 0) cosi? + (a(a;, - d{x, 0) sini? ^ 0. ^ ^ ^ 

Noting that c{x,^) ± b{x,^) ^ because of (j2.2|) . the solutions of the 
inequalities in ()2.10|) are given by the '(9's satisfying both of the following 
conditions (see Lemma 

arccot f ess inf 1 — vr ^ ^ arccot ( ess sup 

arccot I ess inf '^^f^'9.~1^^'9, ] — vr ^ ^ arccot I ess sup ^'f'9,~^'!'l^'9, 



(2.11) 



where 



E, = {{x,OeQx I (a(a;, + d{x, 0)' + (c(x, - K^^, 0)' > 0}, 
E2 = {ix,0enx I (a(x, - f/(x, 0)' + (Kx, + c(x, 0)' > 0}. 

We have 

a(x, c?(a;, = K^^ cix, 0, 

and then, keeping in mind ()2.2|1 . we may write Hi = S2 = S, where H is 
given by ()2.(j|l . 
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Moreover 

a{x,C) + d{x,^) ^ d{x,C.) - a{x,0 
c{x,0-Hx,0 ^ c{x,^) + b{x,^) 
and then satisfies all of the inequalities in ()2.1H1 if and only if 

arccot (essin| ff-fgf) -n^^^ arccot (^ess^sup j (2.12) 

A direct computation shows that 



c(x, + b{x, b - 2| \p-2\ 2V^ + |p - 2\A{x, ' 



cix, - b{x, e) |p - 2| |p - 2| 2v^^ - |p - 2|A(x, 

where 

Hence condition (|2.12j) is satisfied if and only if (j2.7j) holds. 
If p = 2, (im is simply 

{^e £^ix)^, cos ^9 - {ym £/{x)^, sin ^9 ^ 

and the result follows directly from Lemma d □ 



Remark 1 If ^ is a real matrix, then Ai = A2 = and the angle of 
dissipativity does not depend on the operator. In fact we have 



2V^^ p2 |p _ 2 



\p-2\ 2^J^^\v-2\ 2^f^^ 
and Theorem ^ shows that zA is dissipative if and only if 

,P-2| \ ( \v 

arccot -j=^ — TT ^ arg z ^ arccot I — = 



2Vp^J - ^ - V2Vp^ 



I.e. 

I arg 2 1 ^ arctan 



V b-2| 

This is a well known result (see, e.g., ITUj, [H], EH])- 
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3 Two-dimensional Elasticity 

Let us consider the classical operator of two-dimensional elasticity 

Eu = Au + {l-2uy^VdiYu (3.1) 

where u is the Poisson ratio. It is well known that E is strongly elliptic if 
and only if either i/ > 1 or z/ < 1/2. 

In this Section we give a necessary and sufficient condition for the L^- 
dissipativity of operator (j3.1|) . 

We start giving a necessary condition for the L^'-dissipativity of the op- 
erator 

A = d,U^\x)dk) (3.2) 

where ^^'^{x) = {^^^^(x)} are m x m matrices whose elements are complex 
locally integrable functions defined in an arbitrary domain of (1 ^ 
i,j^m, 1 ^ h, k ^ 2). 

The following lemma holds in any number of variables. 

Lemma 2 Let Q be a domain o/M". The operator (|3.2p is W-dissipative if 
and only if 

-{I - 2/pf\v\-^ ^e{£^^^ v,v) ^e{v,dkv) Me{v,dhv) 
-{l-2/p)\v\-^Me{{£^^^v,dhv)^.e{v,dkv) 

dkv,v) Me{v,dhv))^dx ^ 

for any v G {Cq{^))"^- Here and in the sequel the integrand is extended by 
zero on the set where v vanishes. 

Proof. Sufficiency. First suppose p ^ 2. Let u G {Cq{VL))'^ and set 
V = |m|(p-2)/2^_ i^g^yg y ^ {C^{n))'^ and u = \v\^^-p'^/pv. From the 
identities 

W'dku,dHi\ur\)) = 

W'dkV,dHv)-{l-2/py\vr^^eW'v,v)dk\v\dH\v\ 
-{1 - 2/p)\v\-' ^eiW'' v,dhv) dk\v\ - d,v,v)dM), 

dk\v\ = Ivl^-^ ^e{v,dkv), 
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we see that the left-hand side in (j3.3p is equal to ^{u, \u\^~'^u). Then (|1.2|) 
is satisfied for any u G (C'o(f^))™'- 

If 1 < p < 2, we may write ()1.3|) as 

Me [ {i.<^''''ydhU,dk{\uf~\))dx^O 
Jq 

for any u G {Co{^))"^- The first part of the proof shows that this implies 



-{l-2/p')\v\-^Me{{{s^/^''yv,dkv)Me{v,dhv) 



-{{£^^''ydhV,v)Me{v,dkv))jdx ^ 

for any v G {CliP))^- Since 1 — 2/p' = —(1 — 2/p), this inequality is exactly 
(Q. 

Necessity. Let p ^ 2 and set 

9e = {\v\' + e'y/\ u, = g'J^-\ 
where v G (Co^(^]))™. We have 

= Kr^ij^'^'dkU.^dHUe) + ip-2)\Uer''{j^'''dkU„Ue)dhK\. 

One checks directly that 



= (1 - 2/pyg;^P+^^\v\P-^£/''''v,v) Me{v,dkv) Me{v,dhv) 
-(1 - 2/p)g;^\vr\{^''' V, dhv) Mei^v, d^v) + (^'^^^ 9^^;, t;) =^e(t;, d^v)) 

= (l-2/p)[(l-2/p)^?7(^+2)|.;r2 

U'^S,!;) ^e(t;,9fct;) i^e(t;, 9;,?;) 
+ [^2^p|^|p-4 _ (1 _ 2lp)g-J\vr-''\ {s^'^'^dkV.v) Me{v,dhv) 

on the set = {a; G I \v{x)\ > 0}. The inequality g'^ ^ |f |" for a ^ 0, 
shows that the right-hand sides are majorized by functions. Since g^ —>■ \v\ 
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pointwise as £ — 0^, we find 

lim U^'dkUe,d,{\Uer\,)) 

= U"" dkV, dhv) - (1 - 2/p)>|-^(^^'= V, v) ^%e{v, d^v) ^e{v, dnv) 
-(1 - 2/p)\v\~\{s^^''v,dHv)Me{v,duv) - {^"^'^ d^v.v) ^e^v^d^v)) 

and dominated convergence gives 

lim |M,rV) = lim \ l,s^''''d^u,,du(\u,\^-''u,))dx = 

-(1 - 2/pf\v\-^{s2/^^ V, v) ^e{v, dkv) ^e{v, dhv) 
-(1 - 2/p)|v|-2((^''*^ V, dhv) ^e{v, dkv) 
-{s^^^ dkV, v) ^e{v, dhv))] dx. 

The function Ue being in {Coi^)T, (EH) implies (nO|) . 
If 1 < p < 2, from dSUl) it follows that 

lim ^i\ue\^'-\e,Ue)= lim Me [ {{^'''ydhU,dk{\uf-^u)) dx 



(3.5) 



'E 

-(1 - 2/p'y\v\-^Me{{£/''^)*v, v) Me{v, duv) Me{v, d^v) 
-(1 - 2/pOl^r' =^e(((^'^^-)*^, dkv) Me{v, d^v) 



This shows that (|1.3p implies (|3.4p and the proof is complete. □ 



Theorem 2 Let^ he a domain o/M^. If the operator (|3.2p zs W-dissipative, 
we have 

Me{{s^''\x)ihik)\A) - {I - 2/pf Me{{s^''\x)ihik)uJ,uj){Me{X,uj)f 
-(1 - 2/p) Me{{{s^^\x)ihik)oJ. A) - {{s^''\x)ihik)\ uj)) <^e{\ uj) (3.6) 

^ 

/or almost every x E Q and for any ^ G M^, A, G C", |u;| = 1. 
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Proof. Let us assume that ^ is a constant matrix and that f2 = R^. Let 
us fix a; e C"* with = 1 and take v{x) — w{x) r]{log \x\/ logR), where 

w{x) = fiu + ip{x), (3.7) 

1^, R e R+, R > 1, i/j e {C^{M.'^))'^, rj e C°°{R), r]{t) = 1 if i ^ 1/2 and 
r]{t) = if t ^ 1. 
We have 

{s^'^^'dkv.dhv) = {s^^"" duw,dhw)ri\\og\x\/\ogR) 
+(log R)-\{s^''^ dkW, w)xh + U'*' dhw)xk) X 
|a;|~^?7(log \x\/ log R) r7'(log \x\/ log R) 
+(log Ry^j^"" w, w)xhXk\x\-^ (V(log |x|/ log R)f 

and then, choosing S such that spt'^ C -65(0), 

/ {^'"'dkV,dhV)dx^ [ {j^'"'dkW,dhW)dx 

/ W''wM^{v'{^og\x\/\ogR)fdx 
log RJbr(o)\b^{o) i^r 

provided that R> S^. Since 



hm — 2 — / = 0, 

R-*+oo log R Jb«(o)\b^(o) 



we have 



lim / {s^^^dkV,dhv)dx^ I {s^^^dkW,dhw)dx. 



On the set where 7^ we have 

\v\'\y'^ V, v) Me{v, dkv) Me{v, dhv) = 
Iwl''^ {j^^'' w, w) Me{w, dktv) Me{w, dhw)rf {log \x\/ log R) 
+ {\ogR)~^\w\~^{£i^^'^ w,w){Me{w,dhw)xk+ ^e{w,dkw)xh)\x\~'^x 
r]{\og \x\/ log R) rf {log \x\/ log R) 
+ {logR)-^s^''''w,w)xhXk\x\-\r]\log\x\/logR)f 
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and then 

hm / \v\-^{£^^''v,v)Me{v,dkv)^e{v,dhv)dx = 
w, w) Me{w, dkw) Me{w, dhw)dx. 

5(0) 

In the same way we obtain 

hm / \v\~^Me{{£^''''v,dhv)^e{v,dkv) - {s^^''dkv,v)^e{v,dhv))dx 



w]-"^ ^e{{£/^'' w,dhw) Me{w,dkw) - {s/^'' dkW,w) ^e{w,dhw))dx. 



Bs(0) 



In view of Lemma |2l ()3.3|) holds. Putting v in this formula and letting 
R +00, we find 



^eW''dkW,dhw) 

-(1 - 2/pY\w\-'^ Me{£/^'' w,w) Me{w,dkw) ^e{w,dhw) (3 8) 

~{1 - 2/p)\w\-^ Meii^^'"'' w, dhw) Me{w, dkw) 



-{£/^'' dkW,w) Me{w,dhw))jdx ^ 0. 
On the other hand, keeping in mind (j3.7|) . 

|w|"^^e(^''*^ w, w) ^e{w, dkw) ^e(w, dhw) = 
\w\-'^Me{{£^^''w,dhw)^e{w,dkw) - {s^^'' dkW,w) Me{w,dhw)) = 

Letting /i +00 in (|3.8p . we obtain 



(3.9) 



^'^''dktlJ^dhtP) 

-(1 - 2/p) Me{{s^^'' cu, dhip) Me{LO, dkip) 
-{s^''^ dkip, uj) Me{uj, dhip))) dx ^ 0. 



12 



Putting in dSS} 

where XeC^,ipe C^{R^) and yU is a real parameter, by standard arguments 
(see, e.g., [T^, p. 107-108]), we find 

If the matrix ^ is not constant, take ip G (Co(IR^))™ and define 

v{x) = 'ip{{x - Xo)/e) 

where Xq is a fixed point in Q and < e < dist (xq, dfl). 

Putting this particular v in (j3.3|) and making a change of variables, we 
obtain 

/ (l%eW'{xo + ey)dki^,dHi^) 

-(1 - 2/py\^\-^^e{s^''\xo + ey)^, ^) Me{tlj, dktfj) ^e(7/>, dh^/j) 
-(1 - 2/pM~' MeiW^'ixo + ey)^, 4^) =^e(V', d^^P) 

-(^^'(xo + ey)dki^, ^) ^e(^, 9;,^^))) rfy ^ 0. 

Letting e — > 0"*" we find 

/ (3$e{^''\x^)dki^,dhi^) 

-(1 - 2/p) Vr'=^e(^'^'=(xo)^, ^) i^e(V', 9,^') ■^e(V>, 9,^) 
-(l-2/p)|V^|-2^e((^'^^(xo)^,9;,^) ^e(V^,9fcV^) 
-(^'''=(xo)5fc^,V^)=^e(7/.,9/,V^))) rfy ^ 

for almost every x^ G Vt. The arbitrariness of ^/^ G (Co(K^))'" and what we 
have proved for constant matrices give the result. r-i 



Since in problem of Elasticity we are interested in real solutions, we shall 
discuss the L^-dissipativity of the operator ()3.H) in a real frame. In the 
present Section, all the functions we are going to consider, in particular the 
ones appearing in the conditions ()1.2p and ()1.3p . are supposed to be real 
vector valued. 

Theorem 3 The operator fj3.1|) is W-dissipative if and only if 

2(.-i)(2.-i) 

2 p) (3-4z/)2 ^ ^ 



13 



Proof. Necessity. We have 

a6)A, A) = leriA^ + (1 - 2z.)-i(e, A)^ 
{W^k^k)oo,uj) = + (1 - 2z.)-l(^,^)^ 
{WUk)X,co) = |en(A,u;) + (1 - 2z/)-i(e, A)(e,c.) 

for any ^, A, a; G M^, |ci;| = 1. Hence, in view of Theorem |2l the L^- 
dissipativity of E imphes 

-(1 - 2/pm\' + (1 - 2u)-\^,u,r]{x,u,r n^ 
+ienAp+(i-2z.)-i(^,A,)'^o ^^-^^^ 

for any X, u E M?, \uj\ = 1. 

Without loss of generahty we may suppose ^ = (1,0). Setting Cp = 
{1 — 2/pY ^"^^ 7 = (1 ~ 2//)^-*^, condition ()3.11|) can be written as 

- + -iuDiXjUjf + |A|2 + 7A2 ^ (3.12) 

for any A, G M^, |ti;| = 1. 

Condition (j3.12p holds if and only if 

-Cp(l + 7cu2)cu2 + 1 + 7^0, 

[-Cp(l + + 1 + 7] [-Cp(l + ^uDul + 1] 

for any lu; G M^, = 1. 

In particular, the second condition has to be satisfied. This can be written 
in the form 

l + 7-Cp(l + 7^?)(l + 7^2) ^0 (3.13) 

for any G M^, |ci;| = 1. The minimum of the left hand side of ()3.13p on the 
unit sphere is given by 

l + 7-C,(l + 7/2)^ 

Hence TTT^ is satisfied if and only if 1 + 7 - Cp(l + 7/2)^ ^ 0. The last 
inequality means 



2(1 -z/) /p-2\V 3-4z/ ^ ^ 



l-2v \ P J \2{l-2u) 
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> 



i.e. (nrrnil . From the identity 4/(pp') = 1 - (1 - it follows that ^HJ^ 

can be written also as 

Sufficiency. In view of Lemma El -E is L^-dissipative if and only if 

/ [-Cp\V\v\\^ + y2\Vvj\'^ --iCp\v\-'^\vhdh\v\\^ + l\d\vv\'^]dx^Q (3.15) 
in ^ 

for any i; G (Co^(n))2. Choose G {Cl{yi)f and define 

-^1 = l^r^^K^^il^l + V2d2\v\), X2 = \v\~^ {v2di\v\ - vid2\v\) 

Fl = \v\[di{\v\-'vi) + d2{\v\-'v2)], Y2 = \v\[di{\v\-'v2) " 52(1^^1"%)] 

on the set E = {x E Q \ V ^ 0}. From the identities 

\V\v\\^ = Xl + Xl, Fi = [d^v^ + d2V2) - Xi, Y2 = {d,V2 - a2t;i) - X2 
it follows 

+ Yi = \V\v\\^ + {divi + d2V2f + (9it;2 - d2Vif 
-2{diVi + 92t;2)-^i - 2(9if2 - 92t;i)X2. 

Keeping in mind that dh\v\ = Ivl'^VjdhVj, one can check that 

{diVi + 92t;2)(^ic?i|^^| + V2d2\v\) + {diV2 - 52fi) (172^^1 I - Vid2\v\) = 
\v\ |V|t;|p + |t;|(9i'Ui92f2 - 92'Ui9it;2), 

which implies 

5^ \Vv,\' = Xl + X| + Yl + (3.16) 



Thus ()3.15|1 can be written as 

—XXl + xl) + Yl + ^2' - 7 C^p^i' + 7 (Xl + n) 

PJ9 



^ 0. (3.17) 



Let us prove that 



X^Y^dx = - / X2Y2dx. (3.18) 

E Je 
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Since Xi + Yi = div v and X2 + Y2 = diV2 — d2Vi, keeping in mind (|3.16|) . 
we may write 

2 / {XiYi+X2Y2)dx = [ [{Xi+Yif + {X2 + Y2)^-{X^+Xl+Y^^ + Yi)]dx = 

J E J E 

[ [{diYvY + {d,V2 - d2V,Y - V \VV,\'] dx 
J E 



I.e. 



/ (XiYi + X2Y2)dx = / (9it;i(92^^2 - <9if2<92t;i) dx. 

J E Je 

The set {x G \ -E I Vf (x) 7^ 0} has zero measure and then 

{XiYi + X2Y2)dx = / (9ii;i92t;2 - 9ii;2C^2f 1) dx. 
Jn 

There exists a sequence 

{y{n)^ C Co"^(fi) such that 

uniformly in Q and hence 



diVid2V2dx = hm / div^'' d2V^^ dx = 

hm / div^2^ d2V^i^ dx = / diV2d2Vidx 

and (|3.18p is proved. In view of this, (|3.17p can be written as 

/ (A^{1 + j)xI + 2^jX,Yi + {1 + j)yA dx 
Je \PP J 

+ I i—Xl - 2(1 - ^9)7 X2Y2 + ^2' ) dx^{) 
Je \PP J 

for any fixed G M. 
If we choose 



we find 



^ 3-4z/' ^ (3-4z/)2- 
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Inequality (j3.14j) leads to 

pp pp 

Observing that (pTTUIl implies 1 + 7 = 2(1 - z/)(l - 2iy)-^ ^ 0, we get 

^(1 + 7)x? + 2i?7 xm + (1 + 7)2/? > 0, 

^x^- 2(1-^9)7X2^2 + 2/2^0 

for any Xi,X2,yi,y2 G I^- This shows that ()3.17p holds. Then ()3.15p is true 
for any v G (Co(^^))^ and the proof is complete. □ 

We shall now give two Corollaries of this result. They concerns the com- 
parison between E and A from the point of view of the L^-dissipativity. 

Corollary 1 There exists k > such that E — kA is U'-dissipative if and 
only if 

^ ly ^ 2(.-i)(2.-i) 

Proof. Necessity. We remark that HE — kA is L^-dissipative, then 

A:^l ifp = 2 

k<l lip ^2. ^'^■^^> 
In fact, in view of Theorem |2l we have the necessary condition 
-(1 - 2lpf[{l - km' + (1 - 2u)-\i,u;,f]{\,u,f 

+(i-^)iep|Ap + (i-2z.)-i(eA)^^o ^^-''^ 

for any ^, A, G |^| = 1- If we take ^ = (1, 0), A = = (0, 1) in 
we find 

—,{l-k)^Q 
pp 

and then k ^ 1 for any p. If p 7^ 2 and k = 1, taking ^ = (1, 0), A = (0, 1), 
Lu = (I/V2, 1/V2) in Stm . we find -(1 - 2/^)^(1 - 2iy)~^ ^ 0. On the 
other hand, taking ^ = A = (1, 0), = (0, 1) we find (1 - 2u)-^ ^ 0. This is 
a contradiction and (j3.2(Jj) is proved. 
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It is clear that HE — kA is L^-dissipative, then E — k'A is L^-dissipative 
for any k' < k. Therefore it is not restrictive to suppose that E — kA is 
L^-dissipative for some < A; < 1. Moreover E is also L^-dissipative. 

The L^-dissipativity of E — kA (0 < < 1) is equivalent to the L^- 
dissipativity of the operator 



E'u = Au + {1- ky\l - 2u)-^V divu 



Setting 



u' = z/(l -k) + k/2, 
we have (1 — k){l — 2u) = 1 — 2u'. Theorem |21 shows that 



(3.22) 
(3.23) 



pp' ^ (3-4z/')2' 



(3.24) 



Since 3 - 4z/' = 3 - 4z/ - 2k{l - 2u), condition ^UI^ means |3 - Au 
2k{l-2iy)\ ^ vW/2, i-e. 



k- 



3-4z/ 



2(1 - 2u) 



/pp' 



411 - 2z/| 



(3.25) 



Note that the L^-dissipativity of E implies that ()3.10|) holds. In particular 
we have (3 — 4i^)/(l — 2z/) > 0. Hence ()3.25p is satisfied if either 



or 



k ^ 



k > 



Since 



|3- 


4z/| 


2|1 - 


- 2u\ 



2|1 


-2u\ 






2|1 


-2H 


3 


-4z/ 



2(1 - 2u) 



3 -4z/| 



3-4i/| + 



- 1 



/pp' 
~2~ 

/pp' 



(3.26) 
(3.27) 



2(1 - 2u) 



/pp' 



411 - 2z/| 



we have 



211 - 2u\ 



3-4i/| 



/pp 



^ 1 



and ()3.27|) is impossible. Then ()3.26|) holds. Since k > 0, we have the strict 
inequality in (j3.14p and (j3.19p is proved. 
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Sufficiency. Suppose (|3.19p . Since 



4 1 

> 



we can take k such that 



< A; < 



211 - 2z/| 



3-4i/| 



/pp' 



(3.28) 



Note that 



|3 - 


-4z/| 


2|1 


- 2u\ 



- 1 



- 1 



Ipp' 



2(1 - 2v) 2(1 - 2v) 4|1 - 2v 



This means 



211 - 2z/| 



3 -4z/| 



^ 1 



and then k <\. Let v' be given by ()3.23p . The L^-dissipativity oi E — kA 
is equivalent to the L^-dissipativity of the operator E' defined by (I3.22|l . 

Condition ()3.25|1 (i.e. ()3.24|l ) follows from ()3.28|1 and Theorem 01 gives the 
result. □ 



Corollary 2 There exists k < 2 such that kA — E is U -dissipative if and 
only if 



1 iV 2u(2v-l 



-2--p) "-T^- '^-2^' 

Proof. We may write kA — E = E — kA, where k = 2 — k, E = 
A + (1 — 2z/)~^Vdiv, u = 1 — V. Theorem ^ shows that E — kA is U'- 
dissipative if and only if 

1 ly 2(^-i)(2i7-i) 

2 p) ^ (3-4z7)2 • l3.3Uj 
Condition ()3.3U|) coincides with ()3.29|) and the the Corollary is proved. □ 
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4 Dissipativity for a class of Systems of Par- 
tial Differential Equations 

In this Section we consider a particular class of operators namely the 

operators 

Au = dh{£/\x)dhu) (4.1) 

where £^'^{x) = {a^j{x)} = 1, . . . , m) are matrices with complex locally 
integrable entries defined in a domain f2 C M" (/i = 1, . . . , n). 

Our goal is to prove that A is L^-dissipative if and only if the algebraic 
condition 

^e(^^(x)A,A) - {1 - 2/py Me{£/''{x)uj,uj){Me{X,uj)f 
-(1 - 2/p) Me{{£^''{x)uj, A) - {^^ix)X, lu)) Me{X, cu) ^ 

is satisfied for almost every x E fl and for every A,a; G C™, |a;| = 1, h = 
1, . . . ,n. In order to obtain such a result, in the next subsections we study 
the dissipativity for some systems of ordinary differential equations. 



4.1 Dissipativity for Systems of Ordinary Differential 
Equations 

In this subsection we consider the operator A defined by 

Au = {£/{x)uy (4.2) 

where ^{x) = {aij{x)} = l,...,m) is a matrix with complex locally 
integrable entries defined in the bounded or unbounded interval (a, 6). 
In this case the sesquilinear form ^{u,v) is given by 

^{u,v) = I {£^u\v')dx. 

J a 

Lemma 3 The operator A is U'-dissipative if and only if 

(^Me{s^v',v') -{l-2/pf\v\~^Me{s^v,v){^e{v,v')f ^^^^ 
-(1 - 2/p)\v\~'^£$e{{£^v,v') - {£^v\v))^e{v,v')^ dx ^ 

for any v G (Cq ((a, 6)))™. 
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Proof. It is a particular case of Lemma |21 □ 

Theorem 4 The operator A is U'-dissipative if and only if 

Me{^{x)\\) - {l-2/pfMe{.s^{x)uj,uj){Me{X,uj)f 

-(1 - 2/p) ^e{{s^{x)uj, A) - (^(a;)A, uj)) ^e(A, tu) ^ ^ ' ' 

for almost every x G (a, h) and for any X,uj & C™, = 1. 

Proof. Necessity. First we prove the result assuming that the coefficients 
dij are constant and that (a, b) = R. 

Let us fix A and u in C™, with \uj\ = 1, and choose v{x) = r]{x/R) w{x) 
where 

{fiUj if X < 

HUj + x2(3 - 2x)Xj if ^ X ^ 1 
fiUj + Xj if X > 1, 

/i, i? G M+, 7] G Co°°(M), spt r] C [-1, 1] and r/(x) = 1 if |x| ^ 1/2. 
We have 

{^v',v') = 

w\ w') {ji{x/R)f + R~\{s^ w', w) + {£/ w, w'))7]{x/R)7]'{x/R) 
+R-\£^w,w){j]\x/R)f 



and then 



R 



{s^v,v)dx= [ {s^ w' , w') dx + ^ I {j?/ w,w){r]'{x/R))'^dx 

Jo R J-R 

provided that R> 2. Since {s?/w,w) is bounded, we have 
lim / {£/v',v')dx= / {^^ w\w') dx. 

On the set where f 7^ we have 

\v\"^{£/v,v){^e{v,v')f = \w\-^{£^w,w){Me{w,w')f{ri{x/R)f 
+2 i?" Vr^(^ ^, ^) ^e{w, w')r]{x/R)) 7]'{x/R) + R'^is^w, w){ri\x/R)f 
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form which it follows 



-1 

lim / \v\~'^{s^v,v){^e{v,v')fdx= I \w\~^{£/ w,w){Me{w,w')Ydx. 
R^+'^ Jr Jo 

In the same way we obtain 

lim / \v\^^{{£/ v,v') — {s/ v' ,v)) ^e{v,v') dx = 

R-'+oo ./n 



\w\ w,w') — {^Z w' ,w)) Me{w,w') dx. 

Since v G (Co(IR))™', we can put v in ()4.3|) . Letting R — > +00, we find 

Me{£Zw',w') - (1 - 2/pf\w\'^Me{£/w,w){Me{w,w')y 
V (4.5) 

-(1 - 2/p)\w\-^^e{{£^w,w') - {£^w',w))Me{w,w')] dx ^ 0. 

On the interval (0, 1) we have 

{£/w', w') = A, A) 36x^(1 - x^, 
\w\-^{£^w,w){j3ge{w,w')y = \fiuj + x^{3-2x)X\-^x 
(/i2(^tu, u) + fi{{£^uj, A) + A, u;))x\3 - 2x) + A, A)x^(3 - 2x f) x 
[=^e(/i(cj, A) 6x(l - x) + |Ap6x3(3 - 2x)(l - 

- {£/w\w))Me{w,w') = + x^(3 - 2x)A|"^x 
/i((^tu, A)-(i^A,cu))6x(l-a;)^e(/i(cj, A)6a;(l-a;) + |Ap6x^(3-2x)(l-x)). 

Letting /i — ^> 00 in (j4.5p we find 

36^ (^Me{sZ\,\) - {l-2/pfMe{s^u,uj){^e{u,X)f 

-(1 - 2/p)Me{{£/uj,X) - (i/A,cj))^e(cj, A)) ^^(l - xfdx ^ 

and (j4.4j) is proved. 

If tthk are not necessarily constant, consider 

v{x) = e^^^'^ilj{{x — Xo)/e) 

where Xq is a fixed point in (a, b), ^ ((7o(]R))™' and e is sufficiently small. 
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In this case (j4.3|) shows that 

^e(^(a;o + £l/)V^',V^')-(l-2/p)'|^|"'=^e(^(a;o + £Z/)V^,V^)(^e(^,^'))' 
-{l-2/pM~^^e{{j:/{xo+ey)^,^')-{£^{xo+ey)tlj',tlj))^e{i;,^')^ dy ^ 0. 

Letting e ^ 0^ we find for almost every xq 

^%e{^{xoW,^') - (1 - 2/pf\^\-^ ^.e{s^{x,)^P,^P){^%e{^,^')f 

-(1 - 2/p)|^|-2^e(U(xo)^,V'') - U(xo)^',V'))^e(V',^')) dy ^ 0. 



Because this inequahty holds for any G Co(M), what we have obtained 
for constant coefficients gives the result. 

Sufficiency. It is clear that, if ()4.4|) holds, then the integrand in ()4.3|) is 
nonnegative almost everywhere and Lemma 121 gives the result. □ 



Corollary 3 // the operator A is U'-dissipative, then 

^e(^(x)A,A) ^ 

for almost every x G (a, h) and for any A G C". 

Proof. Fix X G (a, 6) such that ()4.4j) holds for any A,^^ G C™, \uj\ = 1. 
For any A G C™, choose a; such that (A,^^) = 0, \uj\ = 1. The result follows 
by putting u in ()4.4|) . □ 

It is interesting to compare the operator A with the operator I{d'^/dx'^). 

Corollary 4 There exists k > such that A — kl{d'^ /dx"^) is V-dissipative 
if and only if 

essinf P(x,A,cu)>0 (4.6) 

(a;,A,ij)g{o,6)xC"ixC™ 
A| = |tj|=l 



where 



P{x,X,u) =Me{s^{x)X,X) - {l-2/pf ^e{£s/{x)uj,uo){Me{\uo)f 
-(l-2/p)^e((j/(x)cj,A) - (j/(a;)A,cj))^e(A,w). 
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There exists k > such that kI{(P /dx^) — A is L^-dissipative if and only if 

ess sup P(x, A,u;) < oo. (4.7) 

{i:,A,cj)6(a,6)xC™xC"' 

Proof. In view of Theorem A — kl{d'^/dx'^) is L^-dissipative if and 
only if 

P(x, A, uj)-k\\\^ + k{l - 2/pf{^e{X, iu))^ ^ 
for almost every x G (a, b) and for any A, G C™, |ti;| = 1. Since 

IAP - (1 - 2/py(Me(X,uj)? ^ — IAP, (4.8) 

pp' 

we can find a positive k such that this is true if and only if 

essinf -— ^ ' , ' ^ , , r-^ > 0. (4.9) 

{i,,A,c^)s(a,6)xc™xc™ |A|^ - (1 - 2/p)^(^e(A,co'))^ 

On the other hand, inequality ()4.8|1 shows that 

P{x,X,uj) ^ P{x,X,uj) ^ pp' P{X,X,LJ) 

|A|2 " |A|2- (l-2/p)2(^e(A,o;))2 " 4 |A|2 ^' ^ 

and then ()4.9|) and ()4.6|) are equivalent. 

In the same way the operator kl{d'^ /dx^) — A is L^-dissipative if and only 

if 

-P(x, A, uj) + k\X\^- k{l - 2/p)2(i^e(A, cj))2 ^ 

for almost every x G (a, &) and for any A,Ci; G C™, |u;| = 1. We can find a 
positive k such that this is true if and only if 

Pix, A, uj) 



6SSSUP ^ |__^or^^l^ TT^ < 



{^,A,c^)g(a,6)xc"xc™ |Ap — (1 — 2/p)2(^e(A, Cj))" 

"1=1 

This inequality is equivalent to ()4.7|1 because of ()4.10|) . □ 



Corollary 5 T/iere exists A; G M such that A — kl{d'^ /dx^) is U'-dissipative 
if and only if 

essinf P(x, A, c<j) > — oo. 

(a;,A,t^)6{a,6)xC"'xC™ 
A| = |aj| = l 

Proof. The result can be proved as in Corollary q 
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4.2 Real coefficient operators 

In the following we need the lemma 

Lemma 4 Let < /ii ^ /i2 ^ . • . ^ /im- We have 



max [{^^,u:l){^,-M)] = (4.11) 



1^1 = 1 ^/ll/l 



Proof. First we proof by induction on m that 

ma^[(/^.^D(/^.^^D]=^niax ^^^j^- (4.12) 

In the case m = 2, ()4.12p is equivalent to 

r 4 I • 4 I / -1 I -1\ 2 -21 (A'-i + f'^) 

max [cos + sm y9 + (/ii/i2 + Ai2Ati ) cos (f sm y^J — 



Ve[0,27r] 4/Xi/i2 
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which can be easily proved. 

Let m > 2 and suppose /ii < /X2 < • • • < /im.; the maximum of the left 
hand side of ()4.12p is the maximum of the function 

subject to the constraint x & K, where K = {x & M™" | Xi + . . . + Xm = 
1, ^ ^ 1 (j = 1, . . . , m)}. To find the constrained maximum, we first 
examine the system 

7hfca;fc - A = h = l,...,m (4 13) 

Xi + . . . + Xm = I 

with ^ Xj ^ 1 (j = 1, . . . ,m), where A is the Lagrange multiplier and 

ihk = fihf^k^ + ^ik^^h^. 

Consider the homogeneous system 

1hkXk = {h = l,...,m). (4.14) 



One checks directly that the vectors x^''^ = {x^ 



, . . . , Xm J , 



Jk) _ /il /ij - fil Jk) _ /i2 /il - /ij Jk)_, /-q 
■^1 2 2 ' 2 2 2 ' i W ' 

/ife /i^ - /if ij,k fii- fit 
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for A; = 3, . . . , m, are m — 2 linearly independent eigensolutions of the system 
(|4.14p . On the other hand, the determinant 



711 7i2 

712 722 



,2 (/^i - l^l? ^ n 



and then the rank of the matrix {'jhk} is 2. 

Therefore there exists a solution of the system 

7hkXk = >^ {h = l,...,m) (4.15) 

if and only if the vector (A, . . . , A) is orthogonal to any eigensolution of the 
adjoint homogeneous system. Since the matrix {•yhk} is symmetric, there 
exists a solution of the system ()4.15|) if and only if 



A(xf^ + --- + x«) = (4.16) 



for = 3, . . . , m. 
But 



Jk) , , (k) _ /^l/^2 + ^fc _ (/ifc-/il)(/Xfc-//2) 

/ifc(/il+/i2) /ifc(/il+/i2) 

and ()4.16|1 are satisfied if and only if A = 0. This means that the system 
()4.15|1 is solvable only when A = and the solutions are given by 



X = UkX 
k=3 



for arbitrary Uk G M. On the other hand we are looking for solutions of ()4.13j] 
with ^ Xj ^ 1. Since xj = uj for j = 3, . . . ,m, we have uj ^ 0. This 
implies that 



2 ,,2 



X2 



;.^3 fJ'k fJ'2 - /^l 



and since we require X2 ^ 0, we have Uk = {k = 3, . . . ,m), i.e. a; = 0. 
This solution does not satisfy the last equation in ()4.13|) . This means that 
there are no extreme points belonging to the interior of K. The maximum 
is therefore attained on the boundary of K, where at least one of the Xj^s is 
zero. This shows that if (j4.12|) is true for m — 1, then it is true also for m. 
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We have proved (j4.12j) assuming < /xi < . . . < /i^; in case = /ij for 
some i,j, it is obvious how to obtain the result for m from the one for m — 1. 
Finally, let us show that 

for any 1 ^ i, j ^ m. Set fij = ajfim and suppose i ^ j. We have < ai ^ 
. . . ^ am = 1- Inequality ()4.17|) is equivalent to 

ai{ai + ajf ^ aiaj{ai + 1)^ 



I.e. 



aiai{ai — aj) + {aiaj — ai)aj ^ 
and this is true, because ^ aj and aiaj ^ ai ^ □ 



Theorem 5 Let ^ be a real matrix {ahk} with h,k = l,...,m. Let us 
suppose = and £/ ^ (in the sense {s>/{x)C,,C,) ^ 0, for almost every 
X G (a, b) and for any ^ G M."^). The operator A is L^-dissipative if and only 
^f 

1 iV 

,2 Pj 

almost everywhere, where fj,i{x) and fim{x) are the smallest and the largest 
eigenvalues of the matrix £/{x) respectively. In the particular case m = 2 
this condition is equivalent to 

1 

- - - (tr^(x))2 ^ det^(x) 



P 



almost everywhere. 



Proof. From Theorem 0] A is L^-dissipative if and only if (j4.4p holds for 
almost every x G (a, b) and for any X,u E C™, \uj\ = 1. We claim that in the 
present case this condition is equivalent to 

Uix)^,0 - (1 - 2/pfUix)co,co)i{^,uj)f ^ (4.18) 

for almost every x G {a,b) and for any ^,uj E M"*, \uj\ = 1. Indeed, it is 
obvious that if 

(^(x)A, A) - (1 - 2/pf{^{x)uj,uj){Me{X,uj))^ ^ 
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for almost every x G (a, h) and for any A, G C'", Ic^l = 1, then (j4.18|) holds 
for almost every x G (a, &) and for any ^jCU G M*", \uj\ = 1. Conversely, fix 
X G (a, b) and suppose that ()4.18|) holds for any ^, G M"*, |ci;| = 1. Let Q be 
an orthogonal matrix such that ^{x) = Q'^DQ, D being a diagonal matrix. 
If we denote by fij the eigenvalues of ^{x), we have 

{s^{x)X, A) - (1 - 2/pf{^{x)uj, uj){^e{X, uj)f 
= {DQX,QX) - {l-2/pf{DQuj,Quo){Me{QX,Quo)f 
= /i,|(QA),f - (1 - 2/p)\fi,\{Qu),\'){^e{QX,Qu))' 
^ /i,|(gA),f - (1 - 2/p)\fi,\{Qu;)^\'mQX)k\ \{Qu;)k\Y. 

The last expression is nonnegative because of (j4.18|) and the equivalence is 
proved. 

Let us fix X G (a, b). We may write ()4.18p as 

(1 - 2/p)\fi,u;l){^,u;kf ^ fi,^] (4.19) 

for any ^,uj e W^, \uj\ = 1. Let us fix u; G R"", \uj\ = 1; inequality is 
true if and only if 



2lp)\y.^ujl) sup ^ 1. 



We have 



{ik'^k) -1 2 

max -yr- = /i, cUr.; 

in fact, by Cauchy's inequality, we have {^k^kY ^ if^j^j)il^k^^k) 
^ G M*" and there is equahty if = fJ'J'^(^j- 
Therefore f)4.19|) is satisfied if and only if 

{l-2/pf{ix,ujl)i^i',W,)^l 

for any lj G M*", = 1, and (j4.1H) shows that this is true if and only if 

,2 p) filUm 

The result for m = 2 follows from the identities 

Hi{x)j^2{x) = det £/{x), + /i2(x) = tr (4.20) 

□ 
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Corollary 6 Let ^ he a real and symmetric matrix. Denote by fii{x) and 
lirn{.x) the smallest and the largest eigenvalues of ^{x) respectively. There 
exists k > such that A — kl{d'^ /dx^) is L^-dissipative if and only if 



ess inf 

x£(a,fe) 



(1 + \fpp'l1) + (1 - \fpp'/2) 



> 0. 



(4.21) 



In the particular case m = 2 conditions (j4.2ip is equivalent to 



ess inf 

x£(a,b) 



tY^{x) 



'PP 



v/(tr^(x))2-4det^(x) 



> 0. 



(4.22) 



Proof. Necessity. Corollary El shows that .s/{x) — kl ^ almost every- 
where. In view of Theorem we have that A — kl{d'^ /dx^) is L^-dissipative 
if and only if 



- - i ) if^ii^) + f^m{x) - 2kf ^ (/ii(x) - k) {^im{x) - k) (4.23) 



p 2 



almost everywhere. 
Inequality (j4.23p is 



(Ail(x) + /i„^(x) - 2kf - (/il(x) - lim{.x)f ^ 0. 

PP 



(4.24) 



By CorollaryEJ A—k' I{d'^ / dx^) is L^-dissipative for any k' ^ k. Therefore 
inequality ()4.24|) holds if we replace k by any k' < k. This implies that k is 
less than or equal to the smallest root of the left hand-side of ()4.24|) . i.e. 



2 



(1 + \fpp' 12) fii{x) + (1 - \fpp' 12) 



(4.25) 



and ()4.21|) is proved. 

Sufficiency. Let k be such that 



< A; ^ ess inf - 

xe{a,b) 2 



(1 + VPp'/2) + (1 — ypp' I'i) 

Since fj.i{x) ^ fim{x) and ^/pp'/2 ^ 1, we have 

(1 + Vp?/2) /ii(x) + (1 - Vp7/2) /im(x) ^ 2 fi^ix) (4.26) 
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and then ^/(x) — kl ^ almost everywhere. The constant k satisifies (I4.25|) 
and this imphes (j4.24j) . i.e. (j4.23p . Theorem gives the result. 

The equivalence between ()4.2ip and ()4.22|) follows from the identities 



If we require something more about the matrix ^ we have also 

Corollary 7 Let he a real and symmetric matrix. Suppose ^ almost 
everywhere. Denote by Hi{x) and fim{x) the smallest and the largest eigen- 
values of £/{x) respectively. If there exists k > such that A — kl{d'^/dx^) 
is L^-dissipative, then 



ess inf 

x£(a,6) 



fil{x)^rn{x) ^ ( ^ - ^ ) ifJ'li^) + l^m{x)f 



> 0. 



//, in addition, there exists C such that 



(4.27) 



(4.28) 



for almost every x G (a, h) and for any ^ G M™, the converse is also true. In 
the particular case m = 2 condition ()4.27j) is equivalent to 



ess inf 



det £i/{x) 



1 1 

2^ p 



(tr^(x))^ 



> 0. 



Proof. Necessity. By Corollary IHl ()4.25|1 holds. On the other hand we 
have 

(1 + v^/2) /ii(a;) + (1 - Vp7/2) f^m{x) 
^ ri - Vpp'/2)/xi(x) + (1 + ^^7/2) 



and then 



4^ < 



X 



(1 + \fpp' 12) fii{x) + (1 - a/pp'/2) 
- Vpp'/'^) I^i{x) + (1 + Vpp'/2) 



This inequality can be written as 



pp 



- ^ fli{x)fim{x) 



1 1 

2~p 
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(/ii(a;) + fim{x)f 



and (|4.27p is proved. 

Sufficiency. There exists h > such that 



1 1 



h ^ IJ,l{x)lJ,.mix) - -j ifilix) + jlmix)) 

almost everywhere, i.e. 

pp'h^ (1 + VP?/2)/ii(a;) + (1 - v^/2)/i™(x) 
(1 - ^/pp'/2) + (1 + v^/2) 

almost everywhere. Since fii{x) ^ 0, we have also 

(1 - Vp7/2) + (1 + fimix) ^ (1 + Vp7/2) fimix) (4.29) 

and then 

(1 + ^/jyp' /2Y^pp'h 



(1 + \/pp' /2) iii{x) + (1 - ^/pp'/2) firn{x) esssnp fijniy) 

-I yeia,b) 



almost everywhere. By ()4.28|) ess sup is finite and by ()4.27|) it is greater 
than zero. Then (j4.2ip holds and Corollary EJ gives the result. □ 



Remark 2 Generally speaking, assumption ()4.28|) cannot be omitted, even 
a £/ ^ 0. Consider, e.g., (a, &) = (l,oo), m = 2, £?/{x) = {ajj(x)} where 
aii(x) = {l-2/y/pp')x + x~^, ai2{x) = a2i{x) = 0, 022(3;) = {l + 2/^/pp')x + 
x~^. We have 

fii{x)fi2{x) - Q - ^) (/^i(^) + f^2{x)f = (8 + Ax~^)/{pp') 

and ()4.27|1 holds. But ()4.2H) is not satisfied, because 

(1 + y/pp'/2) /ii(x) + (1 - y^/2) fX2ix) = 2x-\ 
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Corollary 8 Let ^ he a real and symmetric matrix. Denote by fii{x) and 
lirn{.x) the smallest and the largest eigenvalues of ^{x) respectively. There 
exists k > such that kl{d'^ /dx"^) — A is L'^-dissipative if and only if 



ess sup 

a;G(a,6) 



(4.30) 



;i - y/pp'/2) /xi(x) + (1 + Vpp'/2) Aim(a;)J < oo. 
In the particular case m = 2 condition ()4.30|) is equivalent to 

yjpp' , 

ess sup ii£^{x)-\ — a/ (tr£/(x))2 — 4det£/(x) < oo. 

xe(a,fe) L 2 

Proof. The proof runs as in Corollary IHl We have that kl{d^ /dx^) — A 
is L^-dissipative if and only if ()4.23|) holds, provided that 

kl - £/{x) ^ 

almost everywhere. Because of this inequality, we have to replace ()4.25|) and 

by 



2 



and 



'1 



- \/pp' 12) fii{x) + (1 + \/pp' 12) 

l^m (3^) 

pp'/2)^i{x) + {1 + ^/pp'/2)ii^{x) ^ 2^^^{x) 



respectively. 



(4.31) 
□ 



In the case of a positive matrix we have 

Corollary 9 Let ^ be a real and symmetric matrix. Suppose almost 
everywhere. Denote by /ii(x) and fj.m{x) the smallest and the largest eigen- 
values of s^{x) respectively. There exists k > such that kl{d'^/dx'^) — A is 
L^-dissipative if and only if 

esssup/im(a;) < 00. (4.32) 

Proof. The equivalence between (|4.30|) and (|4.32j) follows from (|4.29|) 
and (HSU). □ 



We have also 
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Corollary 10 Let ^ be a real and symmetric matrix. Denote by fii{x) and 
Umi^) the smallest and the largest eigenvalues of ^{x) respectively. There 
exists /c G M such that A — kl{d'^ /dx^) is L^-dissipative if and only if 



Proof. The proof is similar to that of Corollary IHl □ 

4.3 L^-dissipativity of the operator ( 14.11) 

In this Section we consider the partial differential operator ()4.1|) with complex 
coefficients. 

Here yh denotes the (n— l)-dimensional vector (xi, . . . , Xh-i, Xh+i, • • • , Xn) 
and we set uj{yh) = {xh G M | x G Q}. 

Lemma 5 The operator ()4.1|) is W-dissipative if and only if the ordinary 
differential operators 

A{yh)[u{xh)] = d{s^'^{x)du/dxh)/dxh 

are U'-dissipative in uj{yh) for almost every yh G M"~^ (h = 1, . . . ,n). This 
condition is void if uj{yh) = 0. 

Proof. Sufficiency. Suppose p ^ 2. If -u G (Coi^))"^ we may write 



essinf (1 + 

x^{a,b) L 





In the particular case m = 2 this condition is equivalent to 






By assumption 




'v{xh)y)dxh > 
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for almost every G R" ^ and for any v G {Cl{^j~>{yh)))^ , provided uj{iih) ^ 
(/i = 1, . . . , n). This implies 

n „ 

^eV / {£^^{x)dhU,dh{\u\'P-\))dx^Q. 
h=i 

The proof for 1 < p < 2 runs in the same way. We have just to use (jl.3|) 
instead of (IT^ . 

Necessity. Assume first that are constant matrices and Vt = R". Let 
p ^ 2 and fix 1 ^ /c ^ n. 

Take a G (Co^lR))"" and /5 G Cq^^""^)- Consider 

Ue{x) = a{xk/e) I3{yk) 

We have 

n „ 

5^ / {s^''dhUe,dh{\u,r\e))dx = 
h=l -^K" 

/ \P{ykWdyk I {s^^ a\xk/e),^\xk/e))dxk 

n „ 

h = l 



X / (^/''a(xfc/e),a(xfc/£:)) '^dxk 
Jr 

e-' [ myk)\'dyk [ U'a'{t),{\a{t)rMt)y)dt 
+eJ2 I dHf3{yk)d,myk)r'(3{yk))dyk [ Wa{t),a{t)) \a{t)r'dt 



where 7(t) = |Q;(t)p ^a{t). Keeping in mind (|1.2|) and letting e we 
find 

Me f \(3{yk)\^dyk [ W a'{t),{\a{t)rMt)y) dt ^ 
Jr"-i Jr 

and then 

Me I {sz/^a'{t),{\a{t)\P-^a{t))')dt^Q 
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for any a G C'o(M)- This shows that A{yk) is L^-dissipative. 
If are not necessarily constant, consider 

where xq G f2, ■?/' G (Co(IR"))'" and e is sufficiently small. 
In view of Lemma |21 we write 

i%e{s^^dhV,dhv)-{l-2/pf\v\~^^e{j^''v,v){:^e{v,dhv)f 

~{l-2/p)\v\-^Me{{£^''v,dhv) - U''dhV,v))Me{v,dhv)yx ^ 

i.e. 

/ (^eU''ixo + ez)dhiJ,dh^) 

-(1 - 2/p)2|^|-^^e(^'^(a;o + ez)^,ilj){^e{tlj,dh^)f 
-il-2/pM-^Me{{^\xo + ez)^,dh^) 

-U\xo + ez)dhi^,i:)) ^e{i:,dh^p))dz ^ 0. 



Letting e — »• O"*", we obtain 

'^%)dH^P,d^,^) - il-2/py\ij\~^MeU\xo)^,^P){^e{ij,d^,^)y 
-(1 - 2/pM-'Me{W{xo)^,dh^) - {^\xo)dh^,^))^e{^,dh^)yy ^ 

for almost every xq G fi. 

Because of the arbitrariness of ip & (C*o (M"))™', Lemma El shows that 
the constant coefficient operator dh{^^{xo)dh) is L^-dissipative. From what 
has already been proved, the ordinary differential operators {^^{xo)v'y are 
L^-dissipative [h = 1, . . . ,n). 

Theorem |3] yelds 



^e{^\xo)\,X) - {l-2/pfMe{s^\xo)u;,uj)(^e{X,u;)f 
-(1 - 2/p) ^e((^/^(a;o)cu. A) - (^^(xo)A, u))Me{X, cu) ^ 



for any A, G C™, \uj\ = 1, h = 1, . . . ,n. 

Fix h and denote by the set of Xq E Q such that ()4.33p does not hold 
for any A,a; G C™, = 1. Since N has zero measure, for almost every 
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yh € M"~^, the cross-sections {xh G M | x G A^} are measurable and have 
zero measure. 

Hence, for almost every yh G M"~"^, we have 

-(1 - 2/p) ^e{{s^^{x)uj, A) - {s2^^{x)\ uj)) ^e(A, cj) ^ 

for almost every Xh G uj{yh) and for any A,ti; G C™, \uj\ = 1, provided 
uj{yh) 7^ 0. The conclusion follows from Theorem EJ 

In the same manner we obtain the result for 1 < p < 2. q 

Theorem 6 The operator ()4.ip is U'-dissipative if and only if fl4.33|l holds 
for almost every xq G and for any A, u; G C™, \uj\ = 1, h = 1, . . . ,n. 

Proof. Necessity. This has been already proved in the necessity part of 
the proof of Lemma El 

Sufficiency. We have seen that if ()4.33j) holds for almost every xq G 
and for any A,ti; G C™, \uj\ = 1, the ordinary differential operator A{yh) is 
L^-dissipative for almost every y^ G M"~^, provided uj{yh) {h = 1, . . . ,n). 
By Lemma El A is L^-dissipative. □ 

Remark 3 In the scalar case (m = 1), operator ()4.H1 falls into the operators 
considered in In fact, if Au = Ylh=i dhi^'^dhu), being a scalar function, 
A can be written in the form ()2.H) with = {chk}, Chh = a'^, Chk = if 
h ^ k. The conditions obtained there can be directly compared with ()4.33|) . 
The results of |lj show that operator A is L^-dissipative if and only if (|2.2|1 
holds. This means that 

^ {^e e, + {^e ^ r], r^) - 2(1 - 2/p) {^m ^^,r])^0 (4.34) 
pp 

almost everywhere and for any C,,i] & MJ^ (see pii Remark 1, p. 1082]). In this 
particular case ()4.34|) is clearly equivalent to the following n conditions 

-^{^ea'')^^ + {^ea^)ri^ -2{l-2/p){yma^)^ri ^ (4.35) 
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almost everywhere and for any ^, G M, h = 1, . . . , n. On the other hand, in 
this case, (I4.33p reads as 



almost everywhere and for any A,^^ G C, = 1, h = Setting 
^ + ir] = Xuj and observing that |Ap = |Aup = (^e(AaJ))^ + (c/m(AcU))^, we 
see that conditions (j4.35p (and then (j4.34|) ) are equivalent to (|4.36p . 

In the case of a real coefficient operator ()4.1|) . we have also 

Theorem 7 Let A be the operator fl4.1|) . where s^^ are real matrices {a^} 
with i,j = 1, . . . ,m. Let us suppose = {^/^Y and s^/^ ^0 (h = 1, . . . ,n). 
The operator A is L^-dissipative if and only if 



for almost every x E Q, h = 1, . . . ,n, where /ii (x) and fi^{x) are the smallest 
and the largest eigenvalues of the matrix ^^{x) respectively. In the particular 
case m = 2 this condition is equivalent to 



for almost every x G for any A, u; G C™, \uj\ = 1, h = 1, . . . ,n. The proof 
of Theorem El shows that these conditions are equivalent to ()4.37|) . □ 

4.4 The angle of dissipativity 

In this Section we find the precise angle of dissipativity for operator ()4.H] 
with complex coefficients. 



{^ea^)\\\^ - {l-2/py{Mea^){l%e{\Ljf 
-2{l-2/p){Jma^)^e{Xuj) Jm{\uj) ^0 



(4.36) 




{^Jl{x) + ^^t{x)f ^ ^Jl{x) ^^l{x) (4.37) 




for almost every x G fi, h = 1, . . . ,n. 

Proof. By Theorem [HI A is L^-dissipative if and only if 

(^'^(x)A, A) - (1 - 2/pfU\x)u;,u;){Me{X,ij) f ^ 
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We first consider the ordinary differential operator (j4.2j) where s^{x) is a 
matrix whose elements are complex locally integrable functions. Define the 
functions 

P{x,X,uj) = Me{£/X,X) - (1 - 2/pf3ge{^u},Lj){j^e{X,uj)f 
-{l-2/p)^e{{£/uj,X) - {£/X,uj))^e{X,uj); 

(4.38) 

Q{x,X,uj) = ym{£/X,X) - (1 - J^m{£/u,u){Me{X,u))^ 
~{l-2/p) ym{{j^uj,X) - {£/X,iu))Me{X,uj) 

and denote by S the set 

E = {{x, X, u) G (a, 6) X C™ X C"' I |cj| = 1, P\x, X, u) + Q\x, X, u) > 0}. 
By adopting the conventions introduced in Lemma Q we have 

Theorem 8 Let A be L^-dissipative. The operator zA is U-dissipative if 
and only if 

^ arg z ^dj^ 

where 

= arccot I essinf {Q{x,X,uo) / P{x,X,lo)) I — vr, 
■(94. = arccot esssup (Q(a;, A, ti;)/P(a;, A, cj)) 

\ (x,A,a;)eS 

Proof. In view of Theorem |3 the operator e^'^A is L^-dissipative if and 
only if 



Me{e''^ ^X,X) - {I - 2/pf Me{e'^ u,u){^e{X,uo)f 
-{l-2/p)Me{{e'^ £^uj,X) - (e^'^ A, w)) ^e(A, tu) ^ 



for almost every x G (a, b) and for any A, G C™, |ci;| = 1. 

By means of the functions P{x, A, oj) and Q{x, A, u) introduced in (j4.38|) . 
we can write ()4.39|) in the form 

P(x, A, u;) cos (9 — Q{x, A, uj) sm.'O ^ 0. 

Lemma HI gives the result. □ 

Let now A be the partial differential operator 1)4.11) . We have 
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Theorem 9 Let A be L^-dissipative. The operator zA is L^-dissipative if 
and only if ^ aigz ^ dj^, where 

= max arccot I essinf {Qh{x,\,uo)/ Ph{x,\,uo)) \ — tt, 

h=l,...,n \{x,X,Lu)eEh J 

'&+ = min arccot ess sup {Qh{x, X,iu)/Ph{x, X,uj)) 



h=l,...,n 



and 



Ph{x, A, iu) = ^e(^'^(x)A, A) - (1 - 2/pY ^e(^^(x)cj, to) (^e(A, lu))^ 
-(1 - 2/p) Mei{£/\x)uj, A) - (^/^(x)A, uj))Me{X, u), 

Qh{x, A, to) = ^m{s^^{x)\ A) - (1 - ^jpf J mi^s^^ {x)uj , oj) (^e(A, uj)f 
-(1 - 2/p) ^m{{s^^{x)uj, A) - (^/^(x)A, u)) ^e(A, u), 



— 

{{x, X,uj) enxC^ xC"" \ \uj\ = 1, P^{x, A, iu) + Ql{x, A, uj) > 0}. 

Proof. By Theorem the operator e'^'^A is L^-dissipative if and only if 

^e{e''' ^'^(x)A, A) - (1 - 2/p)^ Me{e''> s^^{x)uj, w)(^e(A, u)f 
-(1 - 2/p) ^e((e^'' ^^(x)cu, A) - (e*'^ ^^(x)A, cj)) ^e(A, cj) ^ ^ 

for almost every x eVL and for any A, G C™, = 1, /i = 1, . . . , n. 

As in the proof of Theorems conditions ()4.40|) mean 
where 

■i?^^ = arccot ( essinf A, co')/P/i(x, A, cu)) ) — vr, 

y(x',A,a;)G=.h / 

7?^'* = arccot j ess sup {Qh{x,X,uj) / Ph{x,X,uj)) j , 

y(a::,A,a;)eH,i y 

and the result follows. □ 
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